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Abstract 

This is a review of concepts of noncommutative supergeometry - namely Hilbert super¬ 
space, C*-superalgebra, quantum supergroup - and corresponding results. In particular, we 
present applications of noncommutative supergeometry in harmonic analysis of Lie super¬ 
groups, non-formal deformation quantization of supermanifolds, quantum field theory on 
noncommutative spaces; and we give explicit examples as deformation of flat superspaces, 
noncommutative supertori, solvable topological quantum supergroups. 


Introduction 

Differential supergeometry has its origin mm in the second half of the 20th century. Its objects 
are supermanifolds involving, besides the usual commuting coordinates, also anticommuting 
coordinates. The corresponding algebras of functions are then Z 2 -graded commutative. This 
graded point of view is very useful in various domains of mathematics such as differential ge¬ 
ometry, spinor geometry, Clifford algebras, and also in physics for fermionic or supersymmetric 
theories, or for the BRST formalism in gauge theories. 

Besides, noncommutative geometry is a growing field of mathematics [3] whose essential 
principle lies in the duality between spaces and commutative algebras, so that the properties 
of spaces can be characterized algebraically. Then, a noncommutative algebra can be seen 
as corresponding to some “noncommutative space”. This very rich way of thinking allows 
generalizing classical notions and theorems of usual geometry, and it is even possible to prove 
some new results for differential geometry in this more general noncommutative framework. 
Moreover, noncommutative geometry is the appropriate framework for quantization and also a 
challenging tool to build new models in quantum physics. It has in particular deep links with 
quantum gravity, quantum Hall effect and string theories 01 El- 

Putting together these two ingredients - supergeometry and noncommutativity - gives rise to 
noncommutative supergeometry (NCSG). Noncommutative supergeometry deals with (noncom¬ 
mutative) Z 2 -graded algebras that correspond to “noncommutative superspaces” in the point 
of view of noncommutative geometry described above. It should be the right framework for 
fermionic or supersymmetric quantum field theories on noncommutative spacetime, or BRST 
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formalism for noncommutative spaces... Early results ElE! concerning an application of NCSG 
to quantum field theory on the Moyal space also motivated the author to develop this program 
of NCSG at a mathematical level as well as to look at physical applications. 

Of course, there is already an extensive literature on graded algebras (see e.g. El), useful 
for NCSG at the algebraic level. Some work in the direction of noncommutative Q-manifolds 
was also performed in pun]. However, at the analytic level, NGSG was really initiated in m 
with the definition of its basic objects: Hilbert superspaces and G*-superalgebras that endow 
noncommutative superspaces with topological properties. In this paper, we review these ana¬ 
lytic notions, as well as the corresponding notion of symmetry - quantum supergroup - defined 
and studied in the Frechet setting |12) . We stress the relevance of this definition of Hilbert 
superspace, rather than the standard one, by presenting an extended Stone-von Neumann the¬ 
orem valid in any signature. At the operator algebra level, a universal deformation formula 
that extends Rieffel’s deformation quantization to the graded setting is valid in the category of 
C*-superalgebras, underlying its relevance. We also look at an application of NCSG to quantum 
field theory. 


1 Classical supergeometry 


In this section, we recall basics of supergeometry (see [muttaEiKiais] for the sheaf-theoretic 
approach and [niiiaiis] ) for the concrete approach). 

A supermanifold M of dimension m|n is the data of a smooth manifold of dimension 
m called its body and denoted IBM together with a sheaf on IBM of Z 2 -graded commutative 
algebras; and this locally ringed space is locally isomorphic to (g) We denote by 

C°°{M) the algebra of global sections of the sheaf corresponding to IBM. It is a Z 2 -graded 
commutative Frechet algebra. The simplest example is the locally ringed space 0 /\M” 
itself, called superspace of dimension m\n and denoted by for which we have 

C“(M™I") (1.1) 


To obtain explicit expressions, let us fix the canonical basis (^*) 
superfunction / on the superspace M™'!"', i.e. a section / G C°°(M™'I”), 


i<i<n of M”. A smooth 
can be decomposed as 


I 

for any x G M™' = and where the sum is taken on all ordered subsets I of {1,... ,n} 

with := .. .^i-k if / = ■ ■ ■ ,ik] (ordered), and = 1 by convention; the 

coefficients fj being smooth functions in C°°(M™’). 

Owing to the equivalence of this definition with the one of the concrete approach, we will 
note in the following that /(x, ^) = Yli for airy ^ even if a rigorous definition 

of this notation involves functors of points [?]. For any two (ordered) subsets / = {ii, ■ ■ ■ ,ii} 
and J = {ji,..., j^} of {1,..., n} we define e(/, J) to be zero if I and J overlap; if / n J = 0, 
we set s(I, J) to the parity of the list (zi,... ■ ■ ■ ,ji), defined as —1 raised to the number 

of transpositions needed to put it in increasing order. It satisfies 

e(/, J) = (-l)hlNle(j^/)^ £{I^JUK) = s{I,J)s{I,K)iiJnK = ^. (1.2) 

As a consequence, we can perform explicit products of superfunctions = e(/, for 

ID J = We recall the Lebesgue-Berezin integration for superfunctions; 



dxdC/(x,0 



da;/{!,...,n} (a:). 


(1.3) 
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2 Philosophy of NCSG 


The duality between spaces and commutative algebras is transverse to numerous domains of 
Mathematics. At the topological level, the Gelfand-Naimark theorem states that there is a 
contravariant correspondence between the category of locally compact Hausdorff spaces and the 
one of commutative C*-algebras: X i—?■ C{X) = {X —)• C continuous} defining an equivalence of 
categories. Then, the category of noncommutative topological spaces can be defined as the dual 
of the category of C*-algebras [3]. 

Omitting topological conditions and in view of the Z 2 -graded commutative structure of the 
functions C°°{M) on a supermanifold M, we can define noncommutative superspaces as 
associated to Z 2 -graded (noncommutative) algebras. So the difference with noncommutative ge¬ 
ometry is simply a Z 2 -grading, but we will see that this grading induces important features. This 
algebraic definition of noncommutative superspaces is very simple and gives rise to a well-known 
object (see for example [8] on graded algebras). Note that geometric objects were considered and 
constructed for noncommutative superspaces [7| such as the noncommutative analogues of vector 
fields (graded derivations), de Rham forms (bigraded noncommutative differential calculus based 
on graded derivations), connections and covariant derivatives (noncommutative e-connections), 
curvatures, gauge transformations... These tools were actually defined for graded algebras with 
a more general grading and a bicharacter (like color algebras), opening the subject of noncom¬ 
mutative graded (or color) geometry [7j. 

However, topological structures like C*-algebras play a crucial role in noncommutative ge¬ 
ometry. For NCSG, we introduced in m two topological notions, that of Hilbert superspaces 
and of C*-superalgebra that we recall here. 

The standard notion of Hilbert superspace HEED], also used in [21] consists of the data of 
a Z 2 -graded Hilbert space % = Ho © Hi with hermitian positive definite scalar product (—, —) 
and together with an inner product defined by 

{ip^Tp) ( 2 . 1 ) 


This inner product is of degree 0 and superhermitian, i.e. Vx,?/ G H, (x,y) = (—x). 
The notion of Hilbert superspace presented below is a generalization of the one associated to 
(2.1). Indeed, the inner product can be of degree 1 below and the link between , —) is by a 
more general operator J, not only J{'4’) = 


Definition 2.1 ( jllj ) A Hilbert superspace of parity n G Z 2 is a complex Z 2 -graded vector 
space H = H+ © H_ endowed with a superhermitian (sesquilinear) homogeneous inner product 
of degree n, such that there exists a fundamental symmetry J of degree n i.e. an 
endomorphism J of H satisfying Vx,y G H, 

• J^(x) = (—and {J{x),J{y)) = {x,y), 


{x,y)j := {x, J{y)) defines a hermitian positive definite scalar product on H for which H 
is complete. ♦ 


The Hilbert topology of a Hilbert superspace H is actually independent of the choice of the 
fundamental symmetry J [22] . so the space of continuous endomorphisms B{%) is canonically 
defined. In parity 1, a Hilbert superspace (H, (—, —)) is a Krein space, while a Hilbert super¬ 
space of parity 0 corresponds to the orthogonal sum of the two Krein spaces (H+, , —)) and 
(H_,f(—, —)). This category of Hilbert superspaces is stable for the direct sum and the tensor 
product. The next Example produces Hilbert superspaces in the sense of Definition 2.1 but not 
in the sense of (2.1) for n > 0. 
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Example 2.2 ([HI [22]) In view of the decomposition ( 1.1 ), we set = L^(M™)(8)A 

It is a Hilbert superspace of parity n (mod 2) with the usual Z 2 -grading and the superhermitian 
scalar product 

(/i,/2)= [ dxd^ fi{x,C)f2{x,0 


^m|n 


( 2 . 2 ) 


by using the Berezin integration (1.3). A fundamental symmetry is given by the analog of the 
Hodge operation J(/)(x,^) = e(/, C/)/ 7 -(x)^'^'^, where e was defined in (1.2) and C/ denotes 

the complement of the subset / in {1,..., n}. ♦ 

For any bounded operator T G there exists a superadjoint G B{'H) defined by 

yx,yen : (rt(x),y) = (-l)l'^ll"l(x,r(y)). (2.3) 


The next Definition corresponds to the standard notion of real form in [El- 

Definition 2.3 ( {11] ) A superinvolution on a complex Z 2 -graded algebra A is an antilinear 
map f : A — 7- A homogeneous of degree 0 such that 

Va,6GA : (a^^ = a, (ab)^ = 


For example, B{T-L) is a Z 2 -graded algebra with a superinvolution given by the superadjoint. 

A C*-superalgebra is a complex Z 2 -graded algebra with superinvolution, faithfully repre¬ 
sented on a Hilbert superspace 71 hy p : A ^ B{'H) (with p of degree 0 and compatible with 
superinvolutions), and such that A is closed for the operator norm topology of B{T-L) via p. ♦ 

This concrete definition allows directly to define the tensor product of two C*-superalgebras. 
Spectral properties of C*-superalgebras are currently under study. Morphisms of C*-superalgebras 
are homogeneous homomorphisms of degree 0 compatible with superinvolutions. Owing to the 
beginning of this section, we can define the category of noncommutative topological super¬ 
spaces as the dual category of C*-superalgebras. 

Example 2.4 ( {TTj l The space L“(]R™’I’^) = (S) f\Mr’ is a supercommutative C*- 

superalgebra, with usual complex conjugation f{x,^) := Yli fiix)C^ as superinvolution, rep¬ 
resented by multiplication operators on the Hilbert superspace L^(M™'I”). The choice of J as in 
Example 1 2.2 1 leads to the C*-norm ||/|| := H/rlloo. But the involution * (attached to the scalar 
product , T(—))) does not stabilize L°°(M”^I”) so that it is not a C*-algebra. Noncommutative 
examples of C*-superalgebras will be given in Section]^ ♦ 

Symmetries of noncommutative spaces are quantum groups {231124] . In the present graded 
context, we call the symmetries of noncommutative superspaces quantum supergroups. This 
notion already exists in the literature at the algebraic level (see e.g. |24] i but in the present 
program, we want to extend this notion at the topological level. Natural objects to consider 
would be C*-quantum supergroups (with a C*-superalgebra structure) and it is currently under 
study. A structure going in this direction is that of Frechet quantum supergroups. 

Definition 2.5 f {12] I A Frechet quantum supergroup is a Z 2 -graded Frechet space with 
a graded topological tensor product and a continuous homogeneous of degree 0 Hopf algebra 
structure. 

A representation of a Frechet quantum supergroup FI is a Frechet Z 2 -graded FF-comodule 
algebra with continuous homogeneous of degree 0 coaction. ♦ 
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Example 2.6 The simplest and well-known example corresponds to the Abelian supergroup 
It can be seen in particular as a Frechet quantum supergroup but commutative by 
considering H = which is a Frechet-Hopf algebra for the usual pointwise product, 

unit and for the usual coproduct, counit and antipode given by, for any Zi G 

A{f){zi,Z 2 ) = fizi +Z 2 ), e(/) = /(0), S{f){z) = f{-z). 

We will see noncommutative examples of Frechet quantum supergroups in Section ♦ 

3 Application to harmonic analysis of Lie supergroups 

Let us present the Heisenberg supergroup. We endow the superspace K 2 m| 2 n even 

symplectic superform, associated to the matrix 


/ 

0 


0 

0 \ 


“Hm 

0 

0 

0 


0 

0 

lr+2s 

0 

V 

0 

0 

0 



of size ( 2 m -|- 2 n) in the canonical basis, with 2 n = 2 r -|- 2 s. the odd part of this symplectic form 
corresponds to a symmetric form and one has to choose its signature (r -|- 2s, r). The Heisenberg 
supergroup is the supergroup G = x (with Z an even generator) defined as usual 

by its Lie superalgebra relations 

Va, a' G M2m|2n^ ^ ^1|0 . ^ ^ ^ 

where [—, —] denotes the graded Lie bracket. 

Proposition 3.1 I jllL l2^ I Kirillov’s Orbit Method applied to the Heisenberg supergroup G 
yields a Hilbert superspace He := L2(]R™l'’)0i/o/(C°l®), with elements (p{q, j C'^ 

(q G M”*, ^ G ^ G and superhermitian inner product 

{ip, it) = {2iY j dgd^dCdC ^fiq, OYiQ, (3.1) 

Moreover, this method also produces a representation Ue of G on Hg 

Ug{g)ipiqo,Co,Co) = _ () 

for g = {q, p, g, (^,t) € G with t G M, p G MH", g G in the real polarization; Ug generalizing 
the usual Schrodinger representation (corresponding to the case r = s = 0). This representation 
Ug is superunitary, namely 

\/g e G, \/ip,Y ^T-Lg ■ {Ug{g)(p,Ug{g)'tp) = {‘P,Y)- 


In case of positive signature r = 0, n = s, then the standard inner product ( |2.1[ ) corresponds 
to (3.1) for which a fundamental symmetry is given by J(<p) = However, 


m case 


of mixed signature r 7 ^ 0, the standard inner product (2.1) does not correspond to (3.1) for 
which any fundamental symmetry has to be more general than a multiplication by a power of 
i. By using superunitarity induced by (3.1) and the notion of Hilbert superspace of Definition 
2.1 one obtains an extended Stone-von Neumann theorem in any signature [22], identifying 
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the superunitary dual of G with irreducible representations of the Clifford algebra. On the 


contrary, the standard notion of Hilbert superspace associated to (|2.1|) leads to an empty dual 
superunitary in mixed signature 


Theorem 5.8], which is not satisfactory. 

Theorem 3.2 ({22]) Any superunitary representation of G with fixed character decom¬ 
poses as an orthogonal direct sum of the irreducible superunitary representations Uq. 

So we see that this structure of Hilbert superspace is more adapted than the standard one 


[13 [20] of (|2.1|) to the analytic point of view of unitary representations of Lie supergroups. 


4 Application to non-formal deformation quantization 

Contrary to the formal case extensively studied and classified in Refs. [23 EZ] EH] EH 130] . 
there are only few available examples of non-formal deformation quantization of Lie groups in 
the smooth non-graded setting. Rieffel [31] built the deformation of Abelian Lie groups and 
the associated universal deformation formula (UDF). This was also recently extended to (non- 
Abelian) Kahlerian Lie groups [33133] and to the case of SL{2,M.) [33] and of SU{l,n) [33 - 
Star-exponentials [33 M associated to these deformations were computed in the non-formal 
setting in |38l 133] and such deformations were linked to Hilbert algebras and multipliers in I33- 
Non-formal deformation quantization was also extended to the complex case [m 132] and to 
Abelian p-adic groups [33] . 

Let us examine the deformation quantization of the Heisenberg superg roup G = x 

as well as the 


3.1 


By using the superunitary representation of G from Proposition 
symmetric structure of its coadjoint orbit we have constructed a non-formal deformation 

quantization of invariant under the symmetry G. 

Theorem 4.1 ([11]) The star-product defined by 

(/l *e f 2 ){z) = ^ 2 mff 2 m-n j Kgizi, Z 2 )fl{z -f z{)h{.Z T Z 2 ), (4.1) 

for z = (x,|) G with supergroup cocycle K 0 {zi,Z 2 ) = on the space 




:={/gC= 


), sup <+ 00 } ~ /\M’", 




is associative, G-invariant and satisfies the tracial property 


dz (/i *0 f 2 ){z) = J dz fi{z)f 2 iz). 


Moreover, there is a Weyl-type quantization map fig : —)> BiTLg), compatible with the 

star-product and G-equivariant, i.e. 


^s(fi *e 72 ) = fleifi)fle{f 2 ), ^e{L* if) = Ug{g)flg{f)Ug{g) 


-1 


The space endowed with the star-product, is a Frechet algebra isomorphic to the 

tensor product of the Moyal-Weyl algebra H(M^™') and of the Clifford algebra Gl{n,C). Note 
that the space is part of a pseudodifferential calculus adapted to the superspace 

for which an oscillatory integral is also defined. 
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An analogous construction was also performed [44] with a different cocycle for the Poincare 
supergroup in 2|2 dimensions, i.e. the supergroup defined by even generators H,E,F, odd 
generators F, H and Lie superalgebra relations 

[H,E] = 2 E, [H,E] = - 2 F, [i/,r]=r, [H,E] = -E, [r,r] = -2i?, [E,E] = - 2 F. 


For the Heisenberg supergroup, a universal deformation formula was also built, namely the 
use of can also deform any algebra on which the supergroup is acting. Let us describe 

it. We consider an action p of the supergroup on a Frechet algebra (A, I'lj) satisfying the 

conditions; 


• ^ZI,Z 2 e Pzi+Z 2 = PziPz 2 and po = id. 

• Vz G Va,6 G A, pz{ah) = pz{a)pz{b), and pz is linear. 

• By writing z = (x,^) G we can expand the action as: = Yli ] 

Va G A, VI, X I—)• Px{o)i is A-valued and continuous. 


• The action is subisometric, i.e. there exists a constant C > 0 such that Va G A, V/, Vj, 
3fe, Vx G \px{a)i\j < C\a\k- 


The star-product (4.1) can be directly extended to A-valued superfunctions Note 

that this space is Frechet for the seminorms |/|j,Q = sup 3 ,g]u 2 m{^j |9“//(x)|j}. We recall that 
the set of smooth vectors of A for the action p is defined as 


= {a G A, p°‘ ■.= z ^ Pz{a) is smooth on 


This set A°° is dense in A, and for any a G A°°, the map /9“ lies in so that we can 

form the star-product of and for a and b smooth vectors. 

Theorem 4.2 f jllj l The expression 

a-kgb := (p“ -k 0 ^'^)( 0 ), 


for a,b € A°°, defines an associative product on A°°. If A is a C*-superalgebra and p is 
compatible with the degree and the super involution, then (A°°,* 0 ) can be completed to another 
C*-superalgebra denoted by Ag. 


Therefore, the category of C*-superalgebras is stable by this deformation quantization, which 
stresses the interest of this structure for noncommutative supergeometry. Note that if A is a C*- 
algebra on which acts, the deformation (A°°,* 0 ) cannot be completed into a C*-algebra 

in general. The universal deformation formula (UDF) of Theorem 4.2 is a generalization of 
Drinfeld twists [451146] to the non-formal setting. 

This UDF thus produces a large class of (deformed) noncommutative superspaces. For ex¬ 
ample, as soon as acts on a trivial compact supermanifold, one can deform its algebra of 

continuous superfunctions to a noncommutative C*-superalgebra HH. Noncommutative super¬ 
tori appear as particular cases of this deformation. 


Definition 4.3 ( [11] ) The noncommutative supertorus of dimension 2m|n and signature 
{p, q) (with n = p + q) is the C*-superalgebra generated by the even elements Uj,Vj {1 < j < m) 
and by the odd elements Tk,Ei {I < k < p, 1 < f < q) satisfying the relations 


u]u, = U,U] = = v,vj = 11, Ft = Ffc, 

UjVj = {Tkf = ie, {Eef = -iO, 
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the other relations being trivial. It coincides with a deformation of the usual supertorus of 
dimension 2m\n, with deformation parameter 9. ♦ 


By using the UDF of Theorem 4.2 we can also construct interesting examples of Frechet 


quantum supergroups. Inspired by [17] in the non-graded case, we consider an action vr : 
w) and G' := G' is a solvable Lie supergroup. 


Theorem 4.4 (| 12 ]) The space H := endowed with the usual Hopf al¬ 

gebra structure of G' except for the product, which is given by the deformation 


:= j (izidZ 2 fl{t, Z + Zi) f 2 {t, Z-f Z 2 )Kt{zi, Z 2 ), 

for any t G ~ M and z G is a Frechet quantum supergroup. An analogue of the 

multiplicative unitary operator W G C{H®H) can be defined for this quantum supergroup 
by 

VF(/i®/2) = (A/i)*(1®/2). 


It satisfies the pentagonal equation IF 12 VF 13 IF 23 = IF 23 IF 12 as well as the superunitarity condi¬ 
tion with respect to a Hilbert superspace structure of Lp‘{G' x G'). 

A similar construction of Frechet quantum supergroup was performed m for connected Lie 
supergroups with supertoral subgroups. 


5 Application to QFT 


We give here an application where a NCSG is useful to understand a renormalizable noncommu- 
tative quantum field theory. Let us consider the Moyal space |48l 09] given by the deformation 
quantization of It turns out that the 0*®^ theory on the Moyal space is not renormalizable 
because of a new divergence called UV-IR mixing m, generic to noncommutative spaces m- 
The first solution of this problem was found by H. Grosse and R. Wulkenhaar by adding a 
harmonic term to the standard action fnnctional 

Sgw[(I)] = j + (5.1) 


which becomes a renormalizable model (m = 1,2) to all orders |52[ [54] for 7 ^ 0. This 

model possesses new interesting properties concerning its vacuum configurations m, its Connes- 
Kreimer algebra [56], its symmetries naisHi, its commutative limit [59], its beta function [BOj 
and finally its solvability for 0 —)• 00 |61j . Note that there exists now another renormalizable real 
scalar theory on the Moyal space [62l[63]. A gauge theory associated to (5.1) was constructed 
65] . It exhibits similar features | 66 l [67] and is a candidate to renormalizability. See 
[70] for the study of the BRST symmetry. 


m 


We want to give an interpretation of the harmonic term in (5.1). It turns out that the action 


(5.1) can be reformulated in terms of the commutator and anticommutator 


Sgw[(I)]= j + + + 


m2 


This is a sign of a graded symmetry. Actually, this model can be interpreted in the setting of de¬ 
formation qnantization of the superspace consider the natural differential calculus [7] 

for this graded algebra associated to the graded derivations 5 G {—]*g 2m} 
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Proposition 5.1 (jB],|TT]) The standard action of the deformation quantization of 
after integration with respect to the odd variable ^ and identification of the even and odd fields 
4 >i{x) = b(l)o{x) (b G Mj in = (poix) + </>i(x)^, gives exactly rise to the renormalizable 

Grosse-Wulkenhaar action (5.1); 


/ 1 l\/f‘^ \ 

5 

with 0,^ = and A = A(1 + 

In this setting, the Langmann-Szabo duality nn corresponds to the switch of grading and 
the gauge action of j64y can be directly derived as the Yang-Mills action of the deformation of 
]^ 2 m|i differential calculus associated to the graded derivations d. 


This shows that the NCSG of the deformation of is likely to be related to the renormal- 

izability of the noncommutative quantum held theory (5.1). This interpretation could be useful 
to obtain renormalizable quantum held theories on other noncommutative spaces. 


References 

[1] F. Berezin and D. Leites, “Supermanifolds,” Soviet Maths Doklady 16 (1976) 1218-1222. 

[2] B. Kostant, Graded manifolds, graded Lie theory and prequantization. Lecture Notes in 
Mathematics 570 (Springer), 1977. 

[3] A. Connes, Noncommutative Geometry. Academic Press, San Diego, New York, London, 1994. 

[4] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 09 (1999) 032, 
arXiv:hep-th/9908142 

[5] M. R. Douglas and N. A. Nekrasov, “Noncommutative held theory,” Rev. Mod. Phys. 73 (2001) 
977-1029, arXiv:hep-th/0106048, 

[6] A. de Goursac, “On the origin of the harmonic term in noncommutative quantum held theory,” 
SIGMA 6 (2010) 048, arXiv: 1003.5788 [math-ph]. 

[7] A. de Goursac, T. Masson, and J.-G. Wallet, “Noncommutative e-graded connections,” J. 
Noncommut. Geom. 6 (2012) 343-387, arXiv;0811.3567 [math-ph], 

[8] C. Nastasescu and F. van Oystaeyen, Graded ring theory. North-Holland Publishing Co. 
Amsterdam-New York, 1982. 

[9] A. Schwarz, “Noncommutative Supergeometry and Duality,” Lett. Math. Phys. 50 (1999) 309. 

[10] A. Schwarz, “Noncommutative supergeometry, duality and deformations,” Nucl. Phys. B650 
(2003) 475-496. 

[11] P. Bieliavsky, A. de Goursac, and G. Tuynman, “Deformation quantization for Heisenberg 


supergroup,” J. Funct. Anal. 263 (2012) 549-603, 

arXiv;1011.2370 [math.QA], 

[12] A. de Goursac, “Erechet Quantum Supergroups,” 

Pacif J. Math. 273 (2015) 169-195, 

arXiv:1105.2420 [math.QA] 


[13] D. A. Leites, “Introduction to the theory of supermanifolds,” Russian Math. Surveys 35 (1980) 
1-64. 

[14] Y. 1. Manin, Gauge Field Theory and Gomplex Geometry. Grundlehren der Mathematischen 
Wissenschaften, vol. 289, Springer-Verlag, Berlin, 1997. 

[15] P. Deligne and J. W. Morgan, Notes on supersymmetry (after Joseph Bernstein). Quantum Fields 
and Strings: A Course for Mathematicians, pp. 41-98, 1999. 

[16] C. Carmeli, L. Gaston, and R. Fioresi, Mathematical foundations of supersymmetry. EMS Series of 
Lectures in Mathematics, Europ. Math. Soc., 2011. 

[17] B. DeWitt, Supermanifolds. Cambridge UP, 1984. 

[18] A. Rogers, Supermanifolds, Theory and Applications. World Scientihc Publishing, 2007. 


9 





[19] G. M. Tuynman, Supermanifolds and Supergroups. Kluwer Academic Publishers, 2005. 

[20] C. Carmeli, G. Gassinelli, A. Toigo, and V. S. Varadarajan, “Unitary Representations of Super Lie 
Groups and Applications to the Glassification and Multiplet Structure of Super Particles,” 
Commun. Math. Phys. 263 (2006) 217-258. 

[21] A. Alldridge, J. Hilgert, and M. Laubinger, “Harmonic Analysis on Heisenberg-Glifford Lie 
Supergroups,” J. London Math. Soc. 87 (2013) 561-585. 

[22] A. de Goursac and J.-P. Michel, “Stone-Von Neumann theorem for Heisenberg supergroup,” in 
progress . 

[23] S. L. Woronowicz, “Gompact matrix pseudogroups,” Commun. Math. Phys. Ill (1987) 613. 

[24] S. Majid, Foundations of quantum group theory. Gambridge Univ. Press, 1995. 

[25] H. Salmasian, “Unitary Representations of Nilpotent Super Lie Groups,” Commun. Math. Phys. 
297 (2010) 189-227. 

[26] F. Bayen, M. Flato, G. Fronsdal, A. Lichnerowicz, and D. Sternheimer, “Deformation theory and 
quantization,” Ann. Phys. 11 (1978) 61-151. 

[27] H. Omori, Y. Maeda, and A. Yoshioka, “Weyl manifolds and deformation quantization,” Adv. 

Math. 85 (1991) 224-255. 

[28] P. Lecomte, P. Michor, and H. Schicketanz, “The multigraded Nijenhuis-Richardson algebra, its 
universal property and applications,” J. Pure Appl. Algebra 77 (1992) 87-102. 

[29] B. Fedosov, “A simple geometrical construction of deformation quantization,” J. Differential 
Geom. 40 (1994) 213-238. 

[30] M. Kontsevich, “Deformation quantization of Poisson manifolds,” Lett. Math. Phys. 66 (2003) 
157-216, arXiv;q-alg/9709040 

[31] M. A. Rieffel, “Deformation Quantization for actions of f Mem. Amer. Math. Soc. 106 (1993) 
R6. 

[32] P. Bieliavsky, “Strict Quantization of Solvable Symmetric Spaces,” J. Sympl. Geom. 1 (2002) 
269-320, arXiv;math/0010004 

[33] P. Bieliavsky and V. Gayral, “Deformation Quantization for Actions of Kahlerian Lie Groups,” to 
appear in Mem. Amer. Math. Soc. , arXiv: 1109.3419 [math.OA] 

[34] P. Bieliavsky, S. Detournay, and P. Spindel, “The Deformation quantizations of the hyperbolic 
plane,” Commun. Math. Phys. 289 (2009) 529-559, arXiv:0806.4741 [math-ph] 

[35] S. Korvers, “Quantifications par deformations formelles et non formelles de la boule unite de C",” 
PhD thesis, UCLouvain (2014) . 

[36] M. Cahen, M. Flato, S. Gutt, and D. Sternheimer, “Do different deformations lead to the same 
spectrum?,” J. Geom. Phys. 2 (1985) 35-49. 

[37] D. Arnal and J.-G. Cortet, “Representations star des groupes exponentiels,” J. Funct. Anal. 92 
(1990) 103-175. 

[38] P. Bieliavsky, V. Gayral, A. de Goursac, and F. Spinnler, “Harmonic analysis on homogeneous 
complex bounded domains and noncommutative geometry,” in Developments and Retrospectives in 
Lie Theory: Geometric and Analytic Methods (Mason, Penkov, Wolf Eds), Springer, Dev. Math. 

37 (2014) 41-76, arXiv:1311.1871 [math.FA] 

[39] P. Bieliavsky, A. de Goursac, Y. Maeda, and F. Spinnler, “Star-representations of SL(2,R),” in 
progress . 

[40] A. de Goursac, “Multipliers of Hilbert algebras,” arXiv: 1410.3434 [math.QA] 

[41] H. Omori, Y. Maeda, N. Miyazaki, and A. Yoshioka, “Anomalous quadratic exponentials in the 
star-products,” RIMS Kokyuroku 1150 (2000) 128-132. 

[42] M. Garay, A. de Goursac, and D. van Straten, “Resurgent Deformation Quantisation,” Ann. Phys. 
342 (2014) 83-102, arXiv:1309.0437 [math-ph], 

[43] V. Gayral and D. Jondreville, “Deformation Quantization for Actions of Qp,” arXiv: 1409.3349 
[math. OA] 

[44] P. Bieliavsky, A. de Goursac, and J.-P. Michel, “Non-formal Deformation Quantization of Poincare 


10 




Supergroup’s Actions,” in progress . 

[45] V. G. Drinfeld, “Quasi-Hopf algebras,” Leningrad Math. J. 1 (1989) 1419-1457. 

[46] A. Giaquinto and J. Zhang, “Bialgebra actions, twists, and universal deformation formulas,” J. 
Pure Appl. Algebra 128 (1998) 133. 

[47] M. A. Rieffel, “Compact Quantum Groups associated with Toral Subgroups,” Contemp. Math. 145 
(1993) 465-491. 

[48] J. M. Gracia-Bondia and J. C. Varilly, “Algebras of distributions suitable for phase space quantum 
mechanics. 1,” J. Math. Phys. 29 (1988) 869-879, 

[49] E. Cagnache, F. D’Andrea, P. Martinetti, and J.-C. Wallet, “The spectral distance on the Moyal 
plane,” J. Geom. Phys. 61 (2011) 1881. 

[50] S. Minwalla, M. Van Raamsdonk, and N. Seiberg, “Noncommutative perturbative dynamics,” 
JHEP02 (2000) 020, arXiv:hep-th/9912072 

[51] V. Gayral, “Non compact isospectral deformations and quantum field theory,” 
arXiv:hep-th/0507208 

[52] H. Grosse and R. Wulkenhaar, “Renormalisation of phi**4 theory on noncommutative R**2 in the 
matrix base,” JHEP 12 (2003) 019, arXiv:hep-th/0307017 

[53] H. Grosse and R. Wulkenhaar, “Renormalisation of phi**4 theory on noncommutative R**4 in the 
matrix base,” Commun. Math. Phys. 256 (2005) 305-374, arXiv:hep-th/0401128 

[54] V. Rivasseau, F. Vignes-Tourneret, and R. Wulkenhaar, “Renormalization of noncommutative 
phi**4-theory by multi- scale analysis,” Commun. Math. Phys. 262 (2006) 565-594, 

arXiv:hep-th/0501036 

[55] A. de Goursac, A. Tanasa, and J. C. Wallet, “Vacuum configurations for renormalizable 

non-commutative scalar models,” Eur. Phys. J. C53 (2008) 459-466, arXiv:0709.3950 [hep-th] 

[56] A. Tanasa and F. Vignes-Tourneret, “Hopf algebra of non-commutative field theory,” J. 
Noncommut. Geom. 2 (2008) 125-139, arXiv:0707.4143 [math-ph], 

[57] A. de Goursac and J.-C. Wallet, “Symmetries of noncommutative scalar field theory,” J. Phys. A: 
Math. Theor. 44 (2011) 055401, arXiv:0911.2645 [math-ph], 

[58] M. N. Hounkonnou and D. O. Samary, “Twisted Grosse-Wulkenhaar phi*4 model: Dynamical 
noncommutativity and Noether currents,” J.Phys.A A43 (2010) 155202, arXiv:0909.4562 
[math-ph] 

[59] A. de Goursac, “Renormalization of the commutative scalar theory with harmonic term to all 
orders,” Ann. H. Poincare 14 (2013) 2025-2043, arXiv: 1207.6208 [hep-th], 

[60] M. Disertori, R. Gurau, J. Magnen, and V. Rivasseau, “Vanishing of beta function of non 
commutative phi(4)**4 theory to all orders,” Phys. Lett. B649 (2007) 95-102, 

arXiv:hep-th/0612251 

[61] H. Grosse and R. Wulkenhaar, “Solvable 4D noncommutative QFT: phase transitions and quest for 
reflection positivity,” arXiv: 1406.7755 [hep-th] 

[62] R. Gurau, J. Magnen, V. Rivasseau, and A. Tanasa, “A translation-invariant renormalizable 
non-commutative scalar model,” Commun. Math. Phys. 287 (2009) 275-290, arXiv:0802.0791 
[math-ph] 

[63] A. Tanasa, “Translation-Invariant Noncommutative Renormalization,” SIGMA 6 (2010) 047, 
arXiv:1003.4877 [hep-th] 

[64] A. de Goursac, J.-C. Wallet, and R. Wulkenhaar, “Noncommutative induced gauge theory,” Eur. 
Phys. J. C51 (2007) 977-987, arXiv:hep-th/0703075 

[65] H. Grosse and M. Wohlgenannt, “Induced Gauge Theory on a Noncommutative Space,” Eur. Phys. 
,/. C52 (2007) 435-450, arXiv :hep-th/0703169 

[66] A. de Goursac, J.-C. Wallet, and R. Wulkenhaar, “On the vacuum states for noncommutative 
gauge theory,” Eur. Phys. J. C56 (2008) 293-304, arXiv: 0803.3035 [hep-th] 

[67] E. Cagnache, T. Masson, and J.-C. Wallet, “Noncommutative Yang-Mills-Higgs actions from 
derivation- based differential calculus,” J. Noncommut. Geom. 5 (2011) 39, arXiv:0804.3061 


11 









[hep-th], 

[68] D. N. Blaschke, H. Grosse, and M. Schweda, “Non-commutative U(l) gauge theory on 
R**4(Theta) with oscillator term and BRST symmetry,” Europhys. Lett. 79 (2007) 61002, 
arXiv:0705.4205 [hep-th] 

[69] D. N. Blaschke, H. Grosse, E. Kronberger, M. Schweda, and M. Wohlgenannt, “Loop Galculations 
for the Non-Gommutative U(*)(l) Gauge Field Model with Oscillator Term,” Eur. Phys. J. C67 
(2010) 575-582, arXiv:0912.3642 [hep-th] 

[70] D. N. Blaschke, H. Grosse, and J.-C. Wallet, “Slavnov-Taylor identities, non-commutative gauge 
theories and infrared divergences,” JEIEP 1306 (2013) 038, arXiv: 1302.2903 

[71] E. Langmann and R. J. Szabo, “Duality in scalar field theory on noncommutative phase spaces,” 
Phys. Lett. B533 (2002) 168-177, arXiv:hep-th/0202039. 


12 




